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1 Introduction 

Navier-Stokes equations with anisotropic viscosity are classical in geophysical 
fluid dynamics. Instead of choosing a classical viscosity —v{&l + 9| + 9|) in 
the case of three-dimensional fluids, meteorologists often modelize turbulent 
flows by putting a viscosity of the form —Vh{d\ + 9|) — v^d^, where Vy is 
usually much smaller than Vh and thus can be neglected (see Chapter 4 of the 
book of Pedlovsky |14j for a detailed discussion). 

More precisely, in geophysical fluids, the rotation of the earth plays a pri- 
mordial role. This Coriolis force introduces a penalized skew-symmetric term 
£~^u X 63 into the equations, where e > is the Rossby number and 
63 = (0,0, 1) is the unit vertical vector. This leads to an asymmetry between 
the horizontal and vertical motions. By the Taylor-Proudman theorem (see 
[Tl] and [IS]), the fluid tends to have a two-dimensional behavior, far from the 
boundary of the domain. When the fluid evolves between two parallel plates 
with homogeneous Dirichlet boundary conditions, Ekman boundary layers of 
the form Ubl{xi,X2,£~^xz) appear near the boundary. In order to compen- 
sate the term £~^Ubl x 63 by the term —i^vdiUsL, we need to impose that 
Vy = /?£, for /3 > (see [6| and also [2]). 

When the fluid occupies the whole space, the Navier-Stokes equations with 
vanishing or small vertical viscosity are as follows 



u|t=o = uo, 

where Uh > and i^y > represent the horizontal and vertical viscosities 
and, where u — {ui,U2, U3) and p are the vector field of the velocities and the 
pressure respectively. In the case of vanishing vertical viscosity, the classical 
theory of the Navier-Stokes equations does not apply and new difficulties 



dfU + uVu — Vhidi + d2)u — Vyd^u 
div u = in , i > 



Vp in , 



t > 



(1) 
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arise. Some partial L^-energy estimates still hold for System ([T]), but they 
do not allow to pass to the limit and to obtain a weak solution like in the 
well-known construction of weak Leray solutions. One cannot either directly 
use the results of Fujita and Kato on the existence of strong solutions. Of 
course, neglecting the horizontal viscosity and requiring a lot of regularity 
on the initial data, one can prove the local existence of strong solutions by 
working in the frame of hyperbolic symmetric systems. Thus, new methods 
have to be developed. 

In the case Vy — 0, this system has been first studied by Chemin, Des- 
jardins Gallagher and Grenier in [1], who showed local and global exis- 
tence of solutions in anisotropic Sobolev spaces which take into account this 
anisotropy. More precisely, for s > 0, let us introduce the anisotropic Sobolev 
spaces, 

i/O'^ = {u G L^R'f I - / (1 + < +00} 

and H^''^ = {u e H^'^ \ diU G , i — 1,2} (such anisotropic spaces have 
been introduced in [7J for the study of the Navier-Stokes system in thin do- 
mains) . 

In [T], the authors showed that, for any sq > 1/2, and any uq ^ there 
exist T > and a local solution u G L°°{{0,T), H^-"") n L'^{{0,T), H^-"") 
of the anisotropic Navier-Stokes equations ([1]). If ||uo||ff"-=o < ci^h, where 
c > is a small constant, then the solution is global in time. In the same 
paper, the authors proved that there exists at most one solution u(t) of the 
equations d) in the space L°°((0, T), i/O'^) n L^{{0,T), H^-'') for s > 3/2. 
In these results, there was a gap between the regularity required for the ex- 
istence of solutions and the one required for the uniqueness. This gap was 
filled by Iftimie ([8]) who showed the uniqueness of the solution in the space 
L°°((0, T), H°^') n L2((o, T), H^'') for s > 1/2. 

Like the classical Navier-Stokes equations, the system ^ on the whole space 
M.^ has a scaling. Indeed, if u is a solution of the equations ([1]) on a time in- 
terval [0, T] with initial data mq, then x) — fj,u{^j.^t, fix) is also a solution 
of (P) on the time interval [0,n~^T], with initial data fiuodix). This was one 
of the motivations of Paicu for considering initial data in the scaling invariant 
Besov space B'^'^^^. In [13j, Paicu proved the local existence and uniqueness 
of the solutions of for initial data uo G He showed global existence 

of the solution when the initial data in are small, compared to the 

horizontal viscosity i^h (for further details, see [TTl [121 [13] ) . Very recently, in 

[3], Chemin and Zhang introduced the scaling invariant Besov-Sobolev spaces 
1/21/2 

and showed existence of global solutions when the initial data uq 
in B^ g^j.g 3]-|2a,ll compared to the horizontal viscosity Vf,.- This result 

implies global wellposedness of ([T]) with high oscillatory initial data. 

Notice that, in all the above results as well as in this paper, one of the 
key observations is that, in the various essential energy estimates, the partial 
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derivative appears only when applied to the component in terms like 
Uad^u^. Even if there is no vertical viscosity and thus no smoothing in the 
vertical variable, the divergence-free condition implies that d^u^ is regular 
enough to get good estimates of the nonlinear term. 

Considering the anisotropic Navier-Stokes equations on the whole space 
M.^ (or on the torus T'^) instead of on a bounded domain with boundary leads 
to some simplifications. For example, the Stokes operator coincides with the 
operator —A on the space of smooth divergence-free vectors fields. Also one 
can use Fourier transforms and the Littlewood-Paley theory. 
One of the few papers considering the anisotropic Navier-Stokes equations 
on a domain with a boundary is the article of Iftimie and Planas [S], who 
studied the anisotropic equations H]) on a half-space 7i, supplemented with 
the boundary condition 

zi3 = in 5W , t>0. (2) 

This system of equations can be reduced to the case of the whole space M.^ . 
Indeed, let w be a solution of the anisotropic Navier-Stokes equations on the 
half-space Ti. Extending the components wi and W2 to M.^ by an even reflection 
and the third component by an odd reflection with respect to the plane 
X3 = 0, we obtain a vector field w, which is a solution of the equations ([T]) on 
the whole space R^. Conversely, if u{t) is a solution of the anisotropic Navier- 
Stokes equations on the whole space with initial data uq G iJ"'^ satisfying 
the condition 7/9,3 = on dTi, then the restriction of u{t) to 7i is a solution of 
the anisotropic Navier-Stokes equations on H, satisfying the condition For 
initial data uq G L^{H)^, satisfying the condition d^UQ G L^{7i)^, Iftimie and 
Planas showed that the solutions of the anisotropic Navier-Stokes equations on 
Ti arc limits of solutions of the Navier-Stokes equations on Ti with Navier 
boundary conditions on the boundary dH and viscosity term —i'h{df+d2)ue — 
ed^Ue on a time interval (0, Tq), where Tq > is independent of e. If the initial 
data Uq are small with respect to the horizontal viscosity Vh, they showed the 
convergence on the infinite time interval (0, -l-oo). In what follows, in our 
study of the anisotropic Navier-Stokes equations on a bounded domain, we 
are also going to introduce an auxiliary Navier-Stokes system with viscosity 
— J^/t(9i —ed^Ue (see System (NS^) below), but instead of considering 

Navier boundary conditions in the vertical variable, we will choose periodic 
conditions. 

In this paper, we study the global and local existence and uniqueness of 
solutions to the anisotropic Navier-Stokes equations on a bounded product 
domain of the type Q = f2 x (0, 1), where is a smooth domain, with homo- 
geneous Dirichlet boundary conditions on the lateral boundary df2 x (0,1). 
For sake of simplicity, we assume that J7 is a star-shaped domain. We denote 
Fq — n X {0} and Fi — (1 x {1} the top and the bottom of Q. More precisely, 
we consider the system of equations 
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dtu + uVu — fh^hU = — Vp in Q , t > 
div « = in (5 , t>0 

u\dOx(o,i) = , t>0 
ualrouA = , t>0 



(3) 



where the operator Ah = d^^ + d^^ denotes the horizontal Laplacian and 
Vfi > is the horizontal viscosity. Here u = (wi,U2,tt3) = {uh,U3) is the 
vector field of velocities and p denotes the pressure term. To simpliiy the 
discussion, we suppose that the forcing term / vanishes (the case of a non 
vanishing forcing term as well as the asymptotic behaviour in time of the 
solutions of (NSh) will be studied in a subsequent paper). 
Since the viscosity is anisotropic, we want to solve the above system in the 
anisotropic functional space 

H°'\Q) = {u€ L^iQf I divu = ; 7„M = on dQ ; £ L^{Qf}, 

where 7„m is the extension of the normal trace u - n to the space H~^/^{dQ). 
Since u belongs to L?{Q)^ and that divu = 0, 7„u is well defined and belongs 
to H~^/'^{dQ). For later use, we also introduce the space 

H^'^{Q X (a, h)) = {m e L'^{Q x (a, h)f \ divu = ; e L'^{Q x (a, h)f}, 

where —00 < a <h < +00. Clearly, H°'^{Q) is a closed subspace of H^'^{Q). 

Considering a bounded domain Q with lateral Dirichlet boundary condi- 
tions instead of working with periodic boundary conditions for example in- 
troduces a new difficulty. In particular, we have to justify that these Dirichlet 
boundary conditions make sense. Before stating existence results of solutions 
u{t) to the system (NSh), we describe our strategy to solve this problem. One 
way for solving System (NSh) consists in adding an artificial viscosity term 
—ed^u (where £ > 0) to the first equation in (NSh) and in replacing the initial 
data uo by more regular data Uq, that is, in solving the system 

dfU + uVu — Uh^hU — eddu = — in Q , t > 



div w = in Q , t>0 

{NSh,e) {u\ooxio,i) =0 , t>0 
uslroun = , t>Q 
[u\t=Q = uf, , 



(4) 



where the initial data Uq are chosen in the functional space 

ii^iQ) = {uG H\Qf I divu = ; u|afix(o,i) = ; us = on To U A}, 

and are close to uq- In what follows, we will actually consider a sequence of 
positive numbers £„ converging to 0, when n goes to infinity. Thus, we will 
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also choose a sequence of initial data Uq" G Hq{Q) converging to uq in the 
space H^'^{Q) when n goes to infinity. A choice of such a sequence is possible 
since the space Hq{Q) is dense in H'^'^{Q) (see Lemnia[l]in the next section). 
Notice that, for e > 0, we need to replace uq by more regular initial data Uq 
in order to be able to apply the Fujita-Kato theorem. 

However, the system of equations {NSh,e) is still not a classical sys- 
tem. Indeed, we need to impose boundary conditions to the horizontal part 
Uhit, Xfi,xj) on the top X3 = 1 and the bottom 2:3 = (that is on FqU Fi). As 
in [3] , we could impose Navier-type boundary conditions to the horizontal part 
on Fq and Fi. Here we will take another path. We will extend the velocity field 
u by symmetry to the domain Q = Q x (—1,1) and then solve the equations 
{NSh,e) on the symmetrical domain Q by imposing homogeneous Dirichlet 
boundary conditions on the lateral boundary and periodic conditions in the 
vertical variable X3. More precisely, let u be a vector in Hq{Q). We extend u 
to a vector u = Su on Q = f2 x (—1, 1) by setting 

{Su)t{xh,-X3) = Ui{xh,-X3) ^Ui{xh,X3), i = l,2, < a;3 < 1 

{Z:u)3{xh, -X^) = Usixh, -X3) = - U3{xh, X3), <X3 < 1, 

and {Su){xh, X3) = u{xh,X3) — u{xh,X3) for < 2:3 < 1. We notice that 
the vector u — Su belongs to the space H^{QY . We introduce the functional 
space 

V = Hl^^^iQ) - {u G H\Qf\dwu = 0;u|a,2x(o.i) =0; 

u{xh, X3) = u{xh, X3 + 2)}. 

The vector u = Su clearly belongs to the space Hl^^^{Q). 
We finally consider the problem 

dtUe + u^Vu^ - Vh^hUe - edl^u^ ^ -Vpe in Q , t>Q 
div U£ = in Q , t > 
(7V5e) <j Ue|af2x(-l,l) =0 , t>0 (6) 
Ue{xh,X3) ^U^{xh,X3 + 2) , t>0 
Ue\t=0 = Uefi G H^p^^iQ). 

According to the classical Fujita-Kato theorem (see [S]), for any m^ q G V, 
there exists a unique local strong solution Ug^t) G C°([0, T^), V) of the Navier- 
Stokes equations (NSg). Moreover, this solution is classical and belongs to 
C°((0,Te),i?2(Q)3) n CH(0,Te),L2(Q)3). If the time existence interval is 
bounded, that is, if < -|-c«, then 

Ike W Hi/ ^t^Tr +°°- C^) 

We next introduce the "symmetry map" S : u ^ V 1-^ Su G V defined as 
follows 
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{Su)i{xh,-X3) ^ Ui{xh,X3) , 1 = 1,2, 

{Su)z{Xh,-X'i) = ~Us,{xh,X'i). 

We remark that, if Ue{t) £ C''([0, Tg), is a solution of the Navier-Stokes 
equations [NSg), then Su^ G C'^{[Q,T^),V) is a solution of the equations 
(NSe) with Sue{0) = Suefi. If Ue^o = i7uo, where uq belongs to Hq{Q), then, 
Suefi = Uefl and by the above uniqueness property, the solutions Sus{t) and 
'Ue(i) coincide. This implies in particular that Me,3(t) vanishes on Fq U Fi for 
any t e [0,re). Since = Su,{t) belongs to C°((0, T^), i?2(Q))^ this also 

implies that d^Ue^h vanishes on Fq U Fi for any t e (0, T^) and for any e > 0. 

In what follows, we denote by V;i the gradient operator in the hori- 
zontal direction, that is, the gradient with respect to the variables xi and 
X2- To summarize, for any uo G H^'^{Q), we will construct a (unique) lo- 
cal (respectively global) solution u £ L°°{{0,Fo),H^''^{Q)), with Vhu £ 
L2((0,ro),7J'''i(Q)) (respectively u e L°°((0, -l-oo), iJ''^i(Q)), with V^u in 
the space Lf^^{{0,+oo), H°'^{Q))) by proceeding as follows. We consider a 
(decreasing) sequence of positive numbers £m converging to zero and, us- 
ing Lemma [11 a sequence of initial data u™ G Hq{Q) converging to uq in 
H^'^{Q), when m goes to infinity. Then, for each m, we solve the problem 
(NS^^) with initial data u^^ q = UuJ^. We thus obtain a unique local (re- 
spectively global) solution u,^{t) e C°{{0,F),V) of the problem (NSe^) 
where < T < +oo (respectively T = -|-cxd). We show that this se- 
quence Ue^{t) is uniformly bounded in L°^{{Q,Fq),H^'^{Q)) and that the se- 
quence VhUe^it) is uniformly bounded in £^((0, To), 7J°'^((5)), where To > 
is independent of m (depending only on uq). If the initial data are small 
enough, we show the global existence of these solutions, again with bounds 
in T°°((0,-Hoo),7?°'i(Q)) and L'^{{Q,+oo),H^^^{Q)), independent of m. Us- 
ing these uniform bounds, we show that the sequences u^^ (t) and VhU^^ (t) 
are Cauchy sequences in T°°((0, To), T^((3)) and in L^((0, Tq), T^((5)) respec- 
tively, which implies the existence of the solution u e L°°((0, To), i?°'^((5)) of 
(NSh), with VhU G L2((0,To),i?°'i(Q)). The uniqueness of the solution u is 
straightforward and is proved in the same way as the Cauchy property of the 
sequence u^^ {t) . 

This paper is organized as follows. In the second section, we introduce 
several notations and spaces. We also prove auxiliary results, which will be 
used in the next sections. In the third section, we show global existence results 
under various smallness assumptions. The fourth section is devoted to the 
proof of the local existence of solutions for general initial data. 

2 Preliminaries and auxiliary results 

In what follows, for any u in H^'^{Q), we will often use the notation div^u = 
div/jM/i = diUi + d2U2. This quantity is well defined since, by the divergence 
free condition, div^u/j = —d^u^. 



Anisotropic Navier-Stokes equations in a bounded cylindrical domain 7 

We begin this section by proving the density of Hq{Q) in the space 
H'~''^{Q). For sake of simplicity, we assume below that is star-shaped. This 
hypothesis allows us to give a constructive proof of the density result. This 
density should be true even without this additional assumption. 

Lemma 1. Let H be a smooth bounded domain, which is star shaped. Then 
the space Hq{Q) is dense in the space H^'^{Q). 

Proof. Without loss of generality, we will assume that Q is star shaped with 
respect to the origin 0. 

Let u be an element of H^'^{Q). We denote by u*{xhTX-i) the extension of 
u{xfnXz) by zero on x (0, 1), that is, 

u*(xh,xz) ^u{xh,X3) , y{xh,X3) e i? X (0, 1) 
u*ixh,X3) =0 , \f{xh,X3) e -n)x (0, 1). 

We notice that the property 7„u = on OH x (0, 1) implies that, for any 
# G 2?(R^ x (0, 1)) with = tp, we have 

{diYu* ,<P)-r>'.v ^ ~ {u* ,'^'P)v'.v = - / u -Vipdxhdxs 

div UipdXhdxs - {jnU,(p\0f2x{0,l)) h-^/^,h^/'^ 

r2x(-i4) 

div u ip dxhdx'i, 

nx{-is) 

which implies that divu* = 0. We also notice that u* and d^u* belong to 
L2(R2 X (0, l)f and that thus div,,w* = -d-iU%, is in L2(r2 ^ (q^ ^-^y 
We next want to approximate the vector u* by a vector with compact support 
in 12 X [0, 1]. To this end, inspired by the remark 1.7 of Chapter I of [T7j, we 
introduce the vector for A > 1, defined by 

uXi{xh,xz) ^u*{\xh,xz) , i^i,^, 

(8) 

We remark that u\ and d3u\ belong to i^(R^ x (0, 1))^ and that u*^ ^{xh, 0) = 
u\ ^{xh, 1) = 0. Moreover, 

div hul{xh,X3) ^\{div hU*){Xxh, X 3) , d3ul ;^{xh,X3) = X{d3ul){Xxh,X3) , 
divul{xh,X3) ^X{{diY hU*)iXxh,X3) + X{d3ul){Xxh,X3)) =0 

(9) 

For any A > 1, the support of is contained in (jf^) x [0, 1] and therefore 
is a compact strict subset of J7 x [0, 1]. 
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Furthermore, using the Lebesgue theorem of dominated convergence, one eas- 
ily shows that converges to u* and thus to u in H^'^{Q), when A converges 
to 1. 



We next introduce a smooth bump function with compact support p G P(R^) 
such that 

p(.Xh) > , / p{xh)dxh = 1- 
For any smaU positive number -q, we set 

p^{xh) = \p{—)- 

It is well-known that p.^{xh) converges in the sense of distributions to the Dirac 
distribution 5-^2 . For any A > 1 and any 77 > 0, where 77 is small with respect 
to 1 — A, we consider the vector u\ which is the "horizontal convolution" of 
u\ with p,,, that is, 



(10) 



'^*x,n{xh.,x-i) ={prj*h ul){xh,X3) 

= / Pniyhhlixh ~yh,X3)dyh. 

Since, for any i = 1, 2, 3, 

(^t'^\,r,{x) = di{pr, *h ul){x) = {pn *h di{ul)){x), (11) 

it directly follows that, for any (xhjXs) E x (0, 1), 

divu^ ,j = p,, -kh (divu^) = 0. (12) 

Using the Young inequality \\pr,*hf{xh)\\mR^) < c\\pr,\\L^R^\\f{xh)\\L'^R^) < 
ll/(a;/i)||L2(R2), we can write 

II"a,,,IIl2 = / ( / \u*x^r,ixh, Xs)]"^ dXh)dX3 <c^ i \ul{xh,X3)\'^dXh)dx3 



JR2 Jo JR2 

(13) 



=c'\\ul\\l. 



The properties pT|) and (fT^)) also imply that 

\\d3uljL2<c\\d3ulh.. (14) 

We remark that ^ is a C°°-function in the horizontal variable. Indeed, for 
any integers fci , k2, we have 
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If ?y > is small with respect to A — 1, the support of u\ ^{xh, x-^) — (p^ 

X3) is a compact set strictly contained in l?x [0, 1]. AH these properties 
imply in particular that belongs to the Sobolev space H^{Q). We also 

check that u\ ^ vanishes on Iq U A. Thus, u\ ^ belongs to the space Hq{Q), 
for 77 > small enough with respect to A — 1. 

For any fixed A > 0, one shows, like in the classical case of convolutions in all 
the variables, that 

*h ul ^r,->o "a in L'^iQ) ^^^^ 
dsiPrj *h ul) dsul in L^(Q). 

A quick proof of the first property of (fT5|) is as follows. Let u>„ £ 'C'iQ)^ be 
a sequence of smooth vectors converging to in L^{Q)^. Arguing as in (|13p . 
by using the Young inequality, one proves that, for any positive number S, 
there exists an integer ng such that, for n > ng, for any 77 > 0, 

\\Wn - UxWl-^ + \\Pr, *h Wn - p,, uI\\l2 < -. 

It thus remains to show for instance that \\wns — P-q *h Wu^Wl^ converges to 
0, as 77 goes to 0. Using the C^-regularity of the vector w„_5 as well as the 
properties of p^, one easily shows that 

iprt*hWns)ixh,X3) -^,,^0 Wns{xh,X3) a.C. (xhjXs). 

Moreover, by (fT^. 

\\Wns - Pn*hWn,\\L^ < {c + l)\\Wns\\ . 

These two properties imply, due to the Lebesgue theorem of dominated con- 
vergence, that \\wni ~ Pri *h Wu^Wl'^ convcrgcs to 0, as 77 goes to 0, that is, 
there exists 770 > such that, for any < 77 < 770, 

\\Wns - Pri *h WnsllL^ < -■ 

The first property in (|15p is thus proved. The second property in psp is shown 
in the same way. 

Let finally A„ > 1 and 77^ > be two sequences converging to 1 and respec- 
tively when n goes to infinity. To complete the proof of the lemma, it suffices 
to notice that, by a diagonal procedure, one can extract two subsequences A„^ 
and i]nf. such that u\ converges to u* in H^'^{Q) as 77,^ goes to infinity. 

The lemma is thus proved. 

Remark 1. We can also define spaces with higher regularity in the vertical 
variable. For instance, let 

H^'^iQ) = {u e L2(Q)3 Idivii = 0; 7„ii ^ on dQ ; d^u £ L^{Qf , « = 1,2} 
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Hg'^iQ) ^{ue L2(Q)3 Idivu = 0; 7„w = on dQ ; 

dsuh = on To U A ; e L^iQ? > * = 1> 2}. 
For later use, we also introduce the space 

H°-^{n X (a, 6)) = {ue L^{Q x (a,6))^ |divw = 0; 

dlu e L^{n X (a,6))^ i = 1,2}, 

where —oo < a < b < +oo. 

Arguing as in the proof of Lemma [l] one shows that, under the same hypoth- 
esis, H^{Q)nH^{Q) is dense in H°'^{Q) and that H^{Q) D H^{Q) n H^'^{Q) 
is dense in H^'^{Q) 

Let 1 < p < +00 and 1 < g < +00. We denote by LlL^iQ) = 
L'?((— 1, +1); iP(i7)) or simply i^L^ the space of (classes of) functions g such 

that llgllL'LP = {S^l{Jn\9^^h,X3)\^dxhY^^dxz)^^'^ is finite. We point out 
that the order of integration is important. Of course, LIL^^ is the usual space 
L'^(Q) and the norm HffHz,'!/,'! is denoted by I|g||L<!. Likewise we define the 
spaces LlLl{Q) = L9((0, +1); Lp(I?)). 

Lemma 2. The following anisotropic estimates hold. 

1) For any function g in L^{Q) (with Vhg G L'^iQ)) satisfying homogeneous 
Dirichlet boundary conditions on the boundary df2 x (— 1,+1), we have the 
estimate ^ ^ 

\\9\\Li(Li)<Co\\g\\h\\VKg\\h, (16) 

2) For any function g in L^{Q), with d^g G L^{Q), we have the estimate, 

\\9\\l^(lI) < Co{\\g\\Udw\\h + (17) 
where Cq > 1 is a constant independent of g. 

Proof. We first prove Inequality (jl6[) . Since g vanishes on the lateral boundary, 
using the Gagiiardo-Nirenberg and the Poincare inequalities in the horizontal 
variable and also the Cauchy-Schwartz inequality in the vertical variable, we 
obtain, 

||ff|li2(£4^ <C [ [{ [ \g{xh,X3)\^dxhy^'^{ [ \Vhgixh,X3)\'^dxhy^'^]dx3 
" J-i Jn Jn 

-^o{ [ [ \9{xh,X3)\^dxhdx3Y''^ [ [ [ \Vhg{xh,X3)\'^dxhdx3Y'^. 
J-i Jn J-i Jn 

To prove Inequality (|17p . we first apply the Agmon inequality in the vertical 
variable and then the Cauchy-Schwartz inequality in the horizontal variable. 
We get, 
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sup { \g{xh,X3)\'^dxh)^^'^ < { sup \g{xh, X3)\'^dxhy^'^ 

<C[ I [i \gixr„X3)\'dx,y/\ J^' \d3g{x,,,X3)\'dx,y/' 

+ 1 . 1/2 



\gixh,X3)\'^dx3]dxh 



<C< 



'o{\\9\\Ud39\\h + \\9\\L^ 



The previous lemma allows to estimate the term (uVit, u)/fo,i , which will 
often appear in the estimates given below. More precisely, we can prove the 
following lemma. 

Lemma 3. There exists a positive constant Ci such that, for any smooth 
enough divergence-free vector field u and any smooth enough vector field v, 
the following estimate holds, 

\{u^v,v)HoA<Ci{\\u\\^il^\\Vhu\\^J,lA\v^^^^ 

+ 1|V/iU||ho,i l|V/iU||/f0.i). 

(18) 

Proof. The proof of this lemma is very simple. Integrating by parts and using 
the divergence-free condition on u, we can write 

(mVu,u)//o,i = {d^(u\/ v) , d^v) = {d^uS/v,d^v) 

= {d'iUhVhV, d^v) + {djusdsv, dav) (19) 
= (daUhVhV^dsv) - {div hUhdsv^d^v). 

Applying Lemma [21 we obtain the estimate, 

\{div hUhdsv, d3v)L2\ < C|| Vftu||ioc(i2) ||(93u||^2(^4) 

<C(^\\V,M\li^\\^hd3u\\l{^ + \\Vhu\\L-)\\d3v\\L2\\Vhd3v\\L^ 
<C\\Vhu\\H0.4d3y\\L4^hd3vU2 

(20) 

Furthermore, using Lemma O once more, we get the estimate 
\{d3UhVhV,d3v)\ <C||93M||£2(i4)||V,i'u||ioo(i2)||a3w||i2(i4) 

<C||93w|li('||V,a3"|li('||53HlL2'||V,53Hli(' 

X (||V,t;||;^/'||V„a3«|li(' + l|V^z^||L^ 

<C||93«||^/'||V,a3li||i('||a3«|lii'l|V,93«|lii'l|Vhi'||ffOa. 

(21) 

The estimates (HH), ([20|) and imply the lemma. 
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The next proposition shows that sequences of uniformly bounded (with re- 
spect to Em) classical solutions of the equations (NS^^) converge to solutions 
of the system (NSf^) when goes to zero. The same type of proof implies 
the uniqueness of the solutions of System {NSh)- In order to state the result, 
we introduce the space 

H^^°{n X (a, b)) = {u€ L^{f2 x (a, b)f | div m = ; V^u e L'^{0 x {a, b)f}, 
where — oo < a <b < +00. 

Proposition 1.1) Let uq € H^'^{Q) be given. Let Em > be a (decreas- 
ing) sequence converging to zero and li™ £ Hq{Q) be a sequence of ini- 
tial data converging to uq in H'^'^{Q), when m goes to infinity. Assume 
that the system {NS^^), with initial data Suq^, admits a strong solution 
Ug^{t) G C°((0. To), V^) where Tq does not depend on and that the se- 
quences u^^{t) and yhUe,„{t) are uniformly bounded in L°°((0,Tq), H'^'^{Q)) 
and in L^{{0,Tf)), H'^'^{Q)) respectively. Then, the sequence Ug^{t) converges 
in L°°((0,To),L2(Q)3) n L2((0,To),i7i^°(Q)) to a .solution u* £ L°°((0,To), 
H°'\Q)) of the problem (NSh), such that V hU* belongs to L^{{0,To), H°^^{Q)). 
In particular, the vector field u* belongs to L°°{{0,To),H^'^{Q)). 
2) The problem (NSh) has at most one solution u* in L°°((0, Tq), if°'i((3)) 
withVhU* in L'^{{0,To), H°^\Q)). 

Proof. We recall that Us.^{t) G C^{{0,To),V) is a classical solution of the 
equations 

dtUe^ + U.^VUs^ - VhAhUe^ - Smdl^Usm = "VPe^ 
divWe„=0 (22) 
?ie„|t=0 = Tm™- 

We first want to show that, under the hypotheses of the proposition, u^^ (t) 
and VhUE^{t) are Cauchy sequences in the spaces L°°{{0,To),L'^{Q)^) and in 

L2((0,ro),L2(g)3) respectively 

In order to simplify the notation in the estimates below, we will simply denote 
the vector by Um- Let m> k. Since the sequence e„ is decreasing, Sm < £k- 
The vector Wm,k = Um — Uk satisfies the equation 

dtWm,k - Vh^hWm,k - S:kdiwm,k =(£m - Sk)dlum - Wm,k^Um 

- Uk'^Wm,k - "^{Pem - Pek)- 

Taking the inner product in L'^{Q)^ of the previous equality with Wm,k, we 
obtain the equality 

^5t||Wm,fe||i2 + f/i||V/,WTO,fe|||2 + ek\\d3Wm,k\\L^ ={^k - £m.){d3Um, d3Wm,k) L'^ 

+ Bi+ B2, 

(23) 
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where 

Bl = —{Wrn,k,hy hUm,WmM)L^ 

Applying the Holder and Young inequalities and Lemma [2l we estimate Bi 
as follows, 



l-Bll < II tWm, fc, /l II L2(i4)||ti;„j,fc 11^2(^4) II VhW,„ 11^00(^2-, 



< 



(25) 



lkm,fc||L2||VftW„i,fc||i2(||VftU„Ji2 + \\VhU.m\\j^2 Whd3Urn\\^2 ) (24) 

<^\\VhW„i,k\\'i2 + — ||Wm,fc|||2(l|V/iWm|||2 + ||V/i93Uto|||2). 

Using the same arguments as above and also the fact that d^Wm.k,^ = 
—diY hWm,k,h, we Can bound B2 as follows, 

IS2I <||93W„||i2(i4)||u;„,fc||i2(i4j||w;™,fc,3||ioo(i2) 

< ll^aWm II II Vh^au™ II II w™,fc II II V/iUJ^^fe II 

X (||Wm,fc,3||L2 + \\Wm,k,3\\]^2\\d3Wra^k,3\\]^2) 
<||93Um||^(^||V/i93U„||^(^l|'U;„,fe||^(^||VhWm,fc|li(^ 
+ ||93Um|li2^||V/ia3U„||^(^||Wm,fe||i2||V/iWm,fe||i2 

<^\\SI hWrnA^L-^ H ^||93Um||^''2^||V/i93U„||^(^||ti;,„_fc||^2 

2 

H ||93U„ 11^2 ||V/ia3M,„ 11^2 II W„,fe|||2. 

Vh 

The estimates (1^51) . (|24l) . and (1^5)1 together with the Cauchy-Schwarz inequal- 
ity imply that, for t G [0,To], 

9t||Wm,fc||i2 + Vh\\y hWrn,k\\L^ + (^fc + Em) ||33Wm,fc 11^2 

<{ek - £rrd\\d3Ura\\l2 + — || Wm,fc || ^2 ( || V,iW„ || ^2 + 1| V,,93Um 1| 1,2 ) 

-||53Um|li2^||V/ia3Wm||^(^||w„i,fe|'^ 



2 

||93Wm||L2||V/ii93W„i||z,2||wm_fc|||2. 

Vh 



(26) 



Integrating the inequality (|26p from to <, and applying the Gronwall lemma, 
we obtain, for < t < Tq, 
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\\'Wm,k{t)\\'i2 + l^h / \\'^hWm,k{s)\\'i2ds + {ek + e,n) I \\d3Wm,k{s)\\i2ds 



< 





■To 

(efe - Em) / \\d3U.m{s)\\l2ds + - u'^\\l2 





X exp (— / (||V/,u™(s)||i2 + \\\7hd3U,n{s)\\l2 + \\d3U^{s)\\l2) ds) 

Jo 



To pTo 



X exp I \\S7hd3Umis)\\l2dsy^H / \\d3U^is)\\L^dsf/''^ 



(27) 



where cg and ci are two positive constants independent of m and k. 
Since the sequences u^^ (t) and VhU^^ (t) are uniformly bounded in L°°((0, Tq), 
and in L'^{{0,To), H°'^{Q)) respectively, the estimate ^7]) im- 
phes that u^^ and VhUe^ are Cauchy sequences in L°°((0, Tq), and 
L2((0, To), L2(g)3) respectively. Thus u^^ converges in L°°{{Q,To),L\Qf) 
nL^((0, To), //^'"(Q)) to an element u* in this same space. Moreover, u* and 
Vhu* are bounded in L°°((0,ro), H°-^{Q)) and in ^^((o, Tq), iJ°'i(Q)) re- 
spectively. The convergence in the sense of distributions of u^^ to u* and the 
divergence-free property of the sequence u^^ imply that u* is also divergence- 
free. Furthermore, one easily shows that the restriction of u* to Q is a weak 
solution of the system (NSh)- From the equality Sue^^{t) — Ue^{t), it fol- 
lows that Su*{t) — u*{t). In particular, u^{t) vanishes on FqU Fi. Finally, we 
notice that, since Ue„(t) G C°((0, Tq), t/) converges in L^{{0,To), H^'°Iq)), 
u*{t) satisfies the homogeneous Dirichlet boundary condition on the lateral 
boundary dil x (—1, 1) for almost all t e (0, Tq). 

2) One proves the uniqueness of the solution u* in L°°{{0,To), H'^'^{Q)) with 
VfiU* in L^{{0,To), H°'^{Q)) in the same way as the above Cauchy property. 

We now state the classical energy estimate which will be widely used in 
the next sections. 

Lemma 4. Let Ug{t) £ C^{[0,To],V) be the classical solution of the equations 
(NSe) with initial data u^^ e V . Then the following estimates are satisfied, 
for any t G [0, To], for any < to < t, 

IKmh < he(0)||i2exp(~2^.,Ao-4), 

i^h I \\VhuM\\l2ds + e [ \\d3U,is)\\l2ds <hu,{0)\\l2expi~2iyh\o^to), 

(28) 

where An is the constant coming from the Poincare inequality. 

Proof. Since e C°([0, Tq], y) is the classical solution of (NSs), we can 
take the inner product in L^{Q)^ of the first equation in (NS,.) with and 
integrate by parts. We thus obtain, for < t < Tq, 
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dt\\u,{t)\\l, + 2,,,WVhU,{t)\\l, + 2e\\d3U,{t)\\l, < 0. (29) 

Since satisfies homogeneous Dirichlet boundary conditions on the lateral 
boundary, there exists a positive constant Aq depending only on il such that, 

IWeWh < Ao||V^Me||i2. (30) 

The inequalities (HH) and ^ imply that, for < i < Tq, 

dt\Kit)\\l, +2i^hX-'\\u,{t)\\l, <0. 

Integrating the previous inequality and applying Gronwall Lemma, we obtain 
the first inequality in ((28)) . Integrating now the inequality ([29]) from to to t 
and taking into account the first estimate in ([28]), we obtain obtain the second 
estimate of ((28|). 



We continue this section by an auxiliary proposition, which will be used 
several times in the proof of global existence of solutions of the system {NSe). 

Proposition 2. Let G C"([0,To),F) he a classical solution of Problem 
{NSe)- Let Tn < Tq be a sequence converging to Tq when n goes to infinity. If 
Ue{t) is uniformly bounded in L^{{0,Tn), H°'^{Q))r]L^{{0,Tn), H°'^{Q)) and 
«/ Vft,We and sd^u^ are uniformly bounded in L'^{{0,Tn), H'^'^iQ)) as n goes 
to infinity, then is uniformly bounded in C'^{[0,Tn],V) and the classical 
solution exists on a time interval [Q,T^) where > Tq. In particular, i/T„ 
is a sequence which goes to infinity when n goes to infinity, then the classical 
solution exists globally. 

Proof. Let u, G C"([0, Tq), V) be a (local) classical solution of Problem {NS,). 
In order to prove the proposition, we have to show that V/iU^ is uniformly 
bounded in L°°((0, T„), L^((3)'^) as n goes to infinity. Since Ue is a classical 
solution, all the a priori estimates made below can be justified. Let P be the 
classical Leray projection of L^{Q)^ onto H, where 

H = {ue L^{Qf I divw = 0; 7«^i|af2x(o,i) =0; uixi^x^) = u{xh,X3 + 2)}. 

Taking the inner product in L^{Q) of the first equation of (NSe) with 
—PAhUg, we obtain the equality 

-{dtu,, Ahu,) + i^h\\PAhU,\\l2 + e{dlu„PAnu,) = -{u, ■ Vu„PAhU,). 

We remark that, for < t < Tq, dtu^, d^Ue and vanish on the lateral 
boundary and are periodic in 2:3. Moreover, the divergence of d^u^ vanishes. 
These properties imply on the one hand that 

- [ dtUe ■ AhUedx = I dtVhUe ■ V hUedx = || V/^We H^a . 
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On the other hand, we can write, for < i < Tg, 

/ dlug-PAhUedx ^ / d^Ue-AhUedx ^ - d3Ue-Ahd3Uedx^\\'\/hd3Ue\\'i2. 

Jq Jq Jq 

The previous three equahties imply that, for < i < To, 

dtW'^hUeWl. + Vh\\PAuu,\\l, + 2e\\Vhd3U,\\l2 < —\\u, ■ Wu,\\l,. (31) 
To estimate the term \\ue ■ Vu^jj^a, we write 



(32) 



\\Ue ■ VUell^a = / {u.^h ' hUe + U^,3 ' d3UeYdx 

<2\\Ue,h ■ "^hUeWh + 2\\u,^3 ■ d3U,\\l2. 

It remains to bound both terms in the right hand side of the inequahty 
Using the Gaghardo Nirenberg and the Poincare inequahties, we can write 

ll-Ue./i • V/iUe||^2 < / \\Ue{.,X3)\\li\\\/hUE\\lidx3 
J-1 

<co( J ||ue(.,a;3)||i2 ||V/iWe||^2 ||AiV;jW£(.,a;3)||i2dx3 

+ J Ju,{.,X3)\\Ll\\VhU,\\l2dX3) 
<Ci(^||Me||ioo(i2) II VhWe 11^00(^2) II V,iMe||L2||i:),,V/,UE 11^2 
+ \We\\L'^(Ll)\\'^hUe\\L^(Ll)\\'^hUe\\l2y 

Applying now Lemma [5] to the previous inequality, we obtain, 

X [W^hUeh^ + WdsVhUeWli^WVhUeW]!^) (33) 



X (^||VftW£||L2 + \\DhV hUeh^ hUeWL^ ■ 

The classical regularity theorem for the stationary Stokes problem (see for 
example |4], [15] or [17]) implies that there exists a positive constant Ko{e), 
which could depend on e, such that, 

\\Dh\7^u,\\L2 < Ko{e){\\PAhu4L2 + ±\\dlu,\\L2) . (34) 
Using the Young inequality 2ab < + 6^, we deduce from and that 
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\VhU,\\L2+Ko{e){\\PAhU,\\L2 + ±1193^11^2)) I V/iUe||L2, 
and also 

h,,, • V,«el|i2 < ^||Pzi,«e||i2 + ^||a3V||i2 + ^||V.U.||i2 

i^0(£)' + l ,ll ^11^ ||2 ^ (35) 

X (l|V,.lie|li2 + ||93V^We||i2)||V^WeIli2. 

Likewise, using the Gagliardo Nirenberg and the Poincare inequalities, we can 
write 

||Ue,3 • dzUefii < Ci||We,3||Ljo(i2)[|V/iUe^3||L~(L2)I|a3Ue||L2||V/i53Ue||i2, 

which implies, due to Lemma [21 

||We,3 ■ d3U^\\l2 <C2{\\Ue\\L2 + ||93We,3 || ||u£,3 11^2^) 

X (l|V,ilie,3llL2 + ||53V,,Ue,3 11^2^ II V,,Ue,3 11^2^ 
X \\d3u4L2\\Vhd3u4L2. 

Using the Young inequalities ab < ^o? + ^1"^ and ab < \a'^ + jb'^^^, we deduce 
from the previous inequality that 



— ||Ue.3 • d3Ue\\\2 < —(\\u^\\l2 + ||93We.3 |1 \\d3U^\\L2 



x(||V;,U,,3|li2 + ||a3V^Zis.3|li2) 



(36) 

Finally, we deduce from the estimates ([?T|) . ([55)) and, ([5^ that, for < i < To, 

dt\\VHUm\l2 + '^\\PAuU,\\l2 

<-\\dluS)\\l2 + '^\\VnuS)\\l2 (37) 
+ L.(u.(0)(^+C5^^^^^^^||V.u,(i)lli2), 

Vh v^ 

where 

LM^) = {\\ne{t)\\l2 + \\d3umh) (I|V,z.,(t)||i2 + \\d3VhuS)\\l2)- 



Integrating the inequality p7[) from to where < < To, we infer 
from ([27|) that, for any T„, with < T„ < To, 
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\NhU,iT„)\\l. + ^ / \\PAhU,is)\\l.ds 



2 Jo 



< 



Jq Vh I Vh 



(38) 



Using Gronwall Lemma and taking into account the hypotheses made on m^, 
wc deduce from ([38]) that, for any T„, with < T„ < Tq, 



Jo ^ f^/i 

+ ||V,u,(0)||i.] exp ( ^5(i^og^ + l) Z-^" 



<[||V,7x,(0)l|i.+A-i + ^fc2] exp( 



2c6, n /C5(i^o(e)' + l) 



(39) 



where /ci and ^2 are positive constants independent of T„ (fci and k2 can 
depend on e). Thus the proposition is proved. 

We end this section by giving an upper bound of the iJ^'^-norm of the 
solution Ue(t) of the system (NSe) on any subinterval of the maximal interval 
of existence, when the initial data u^^ belong to F n H^{Q)^. 

Proposition 3. Let G C*'([0, Tq], F) be a classical solution of Problem 
(NSs) with initial data Ug^o H^{Q)^ H V. We assume that Ue(t) (resp. 
VhUe) is uniformly bounded with respect to e in L°°{{0,To], H'^'^{Q)) D 
L'^{{0,To],H"'\Q)) (resp. in £^((0, Tq), i?0'i(Q)) j. Then d^u^ (respectively 
dlVhUe) is bounded m L°^{{0,To), L'^{Q^)) (respectively L^{{0,To), L'^iQ^))) 
uniformly with respect to s and the following estimate holds, for any < t < 
To, 



\\diu,{t)\\L2+,.h, / \\Vhdiu,{s)\\i.ds 
Jo 

< [exp(— / " \\\7hu,is)\\lo.ids)](\\dlu,^o\\ 

l^h Jo ^ 



c 



To 



sup (\\d3U^{s)\\l2 + l^h\\d3U^{s)\\L2) ||V/iUe(s)||^o,ids 
l^h 0<s<To Jo 

(40) 

Proof. Since Us{t) is a very regular solution for t > 0, all the a priori estimates 
made below are justified. Differentiating twice the first equation in {NS^) with 
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respect to X3 and taking the inner product in L^{Q) of the resulting equation 
with d^Ug, we obtain the foUowing equaUty, for < t < T^, 

^dt\\diu,\\l2 - iyh{Ahdiu,,diu,) - e{dlu,,diu,) = -(a|Vpe, 

Since d^Ue vanishes on df2 x (—1,1) and is periodic in the variable x^, the 
following equalities hold: 

- / Ahdlue ■ dluedxhdx^i = / \^ hdlue\'^dxhdx3 
Jq Jq 

- I d^Ue ■ dluedxhdx^ = I {dlueYdxhdx^, 
Jq Jq 

and 

— / Vd^p^d^u^dx/idx^ = / d'^p^div d^u^dx^dx^ — / d^Peid'^Ue ■ n)da 

Jq Jq Joq 

=0 . 

We deduce from the above equalities that, for < t < Tq, 
ldt\\dlu,\\l.+:.u\\yhdlu4l.+e\\dlu,\\l. ^^^^ 

Like in the proof of Lemma [3l using the divergence- free condition (see ([T9|'). 
we decompose the terms in the right hand side of (|4ip as follows: 

Arguing as in the inequality (|2ip and applying Lemma [21 we obtain the esti- 
mate 



<C||53Ue||L2||Vh53We||L2||V/iWe||H0,i (43) 

<-\\dlu,\\U\^HUe\\lo. + ^||v.a3Vlli.. 

I'll o 

In the same way, we have the estimate 

2\{d^iY uu,dlu,,dlu,)\ < —\\^|u,\\l2\\VhUefH„,^ + '^WVhdlueWh. (44) 



In order to estimate the term [(Ssdiv iiU^^hdsu^, d^u^)\, we proceed like in ([20] 
by applying Lemma [H We thus get, 
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<C'||53Ue II II V,93Ue II IISl^ls II II V,5|«e 11^/' 
X (||53V;.U,|U2 + Wd^VhUeWli^WdlVhUeW]!^) 

<C||a3Ue II V,93^is f// ||5|«s II II V,532^. 11^/' 
+ ||S3We II II V^a3Ue II Wd^UeWli^ \\\/ hd^^Ueh^ . 

Applying the Young inequahties 2ab < a'^ + P and ab < (l/4)a'' + (3/4)6'^/3 
to the previous estimates we obtain, 



C_ 



<^||V;,a3V|li2 + —\\Vhd:iU,\\l,\\d3U,\\LA\dlu,\\L- 



-^I|v.a3u,||i.||a3^.|li/1a|"sll'('. 



In the same way, we prove that 

2\{dzUe.h ■ ^hdsUe,dlue)\ 



<^||V,93V||i. + -||V,93«e|li.||a3^.s||LH|53V||L^ .... 
+ -^||V,a3^.e|li.||93Ke||i(l93V|li('. 



h 

The equahties (PT|) and ([1^ as weU as the inequahties (pS)) to (|46p imply that, 
for < t < To, 

5tl|53Vlli.+^/.l|v,53Vlli. + 2£i|a3Vlli2 

r / \ (47) 

< — ||V„Ue|lki l|53V|li2 + ||a3Ue|li2 + t^^liaa^^ellLO- 

Integrating the inequality (|47p from to t, we obtain, for < t < To, 

||53V(<)|li. + f WVndluMWhds + 2s f \\dluAs)\\l.ds 
Jo Jo 

<l|53V,olli. + - r \\^hUe{s)\\lo.4d!uAMhds 

Vh Jo 

C f"^" 

H sup {\\d3U^{s)\\l2 +iyh\\d3Ueis)\\L^) ||V,,Ue(s)||^o,icis. 

i^h o<s<Tq Jo 

Applying the Gronwall lemma, we deduce from the previous inequality that, 
for < i < To, 
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\\diu,mh + '^h f \\v,.diu,{s)\\l,_ds + 2s fwdluMWhds 

Jo Jo 
< [exp(- r \\VhU,{s)\\lo,rds)](\\dlu,^o\\h 

l^h Jo ^ 

C f"^" \ 

+ — sup {\\d3u,{s)\\l2 +iyh\\d3u,{s)\\L2) \\\7hUe{s)\\jjo.ids). 

Vh 0<s<To Jo ' 

(48) 

The proposition is thus proved. 

The propositions [T] and [3] together with Remark [1] imply the following 
7?" '^-propagation result. 

Corollary 1. Let Uq G H°'^{Q) n ilg (Q) be given. Let Sm > be a (de- 
creasing) sequence converging to zero and m™ G Hq{Q) D H^{Q) D Hq'^{Q) 
be a sequence of initial data converging to uq in H^'^(Q), when m goes 
to infinity. Assume that the system (NSe^), with initial data Su^, has 
a strong solution Ui,^{t) G C^{{0,Tq),V) where Tq does not depend on 
Sm and that the sequences u^^ (t) and VhUe^ (t) are uniformly bounded 
in L°°{{0,Ta),H"^^{Q)) and L^liO,Ta), H"^^{Q)) respectively. Then, the se- 
quence Ue^(t) converges m L°°{{0,To), L'^{Qf) n L'^{{0,To), H^'"{Q)) to a 
solution u* G i°°((0,To), H°''^{Q)) of the problem {NSh), such that Vhdlu* 
belongs to i^((0, Tq), ^^(Q)'^), for i = 0,1,2. Moreover, the solution u* be- 
longs to L-((0,To),i7°''(Q))- 

Proof Let uq e H^'^iQ) n H°'^{Q) be given. We notice that, by Remark 
[1] there exists a sequence G Hq{Q) Ci H^{Q) n Hq'^{Q) of initial data 
converging to uo in H°'^{Q), when m goes to infinity. Let u™ be such a se- 
quence. As we have remarked in the introduction, Su™ belongs to H^{Q)^ 
and d^u^i^ vanishes on /qU A - By Proposition [Sj the classical solution u^^ of 
{NSe^) is more regular in the sense that 9|ue,„ (respectively Vhd^Ue^) is uni- 
formly bounded in L°°{{Q,Ta),L^{Qf ) (respectively in L'^{{Q,To),L'^{Qf). 
Thus the limit belongs to L°°((0, Tq), ^^(Q)^) and Vhdlu* belongs to 

L2((0,ro),L2(Q)3). 

3 Global existence results for small initial data 

We begin with the simplest result. 

Theorem 1. There exists a positive constant Cq such that, if uq belongs to 
H^'^iQ) and \\uq\\j}o,i < coVh, then the system (NSh) admits a (unique) global 
solution u{t), with u(0) = uq, such that 

ue L°°{R.+ ,H°'\Q)) and dsVhU e L^{R+, L^{Qf). 
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Proof. According to the strategy explained in the introduction and according 
to Proposition [U it is sufficient to prove that there exists a positive constant 
Ci such that if Ue(0) = Wq belongs to Hq ^^^{Q) and satisfies 

Ikolli/o.i < Cil^h, 

then, for any e > 0, the equations (NS^) admit a unique global solution 
Us{t) £ C^{[0,+oo),V) with Ue(0) = Wq and moreover, and d^VhU. 
are uniformly bounded (with respect to e) in L°° {{0, +00), H'^'^{Q) and 

Let now Us be the local solution of the equations {NSe) with Ue{0) = wo- 
Since Ue is a classical solution on the maximal interval of existence, all the 
a priori estimates made below can be justified rigorously. Differentiating the 
first equation in (NSs) with respect to X3 and taking the inner product in 
L^{Q)^ of it with d^Ue, we obtain, for < t < T^, where > is the maximal 
time of existence, 

^dt\\d3Ue\\l2 - Vh{Ahdy.u^,d'iUe) - e{dlu^,dy.u^) ^^^^ 

Since Ue and hence dzu^ vanish on the lateral boundary dfl x (—1,1) and that 
Ue and pe are periodic in the vertical variable, we have. 



Jq Jq 

(9|ue ■ d^Ugdxhdxs = / {d'^Ufr)'^dxhdx3, 
Q Jq 



(50) 



and 



- / VdsPedsu^dxhdxs ^ / dsp e div dsu^dxhdx 3 - / dzp^id^u^ ■ n)da 

JQ JQ JdQ 

=0 . 

(51) 

The equalities p9)) . ((50l) . and ((5T|) together with Lemma [3] imply that, for 

9t||a3u,||i.+2i.,,||V,,93Me|||i2 + 2e||a3V|li2 <4Cih,||HO,i||V,,7/e|lki (52) 
We deduce from the estimates (HHI) and that, for < t < T^, 

dt{\\u,\\l. + Wd^u.Wl,) + 2vn{\\VhuMh- + II V„93U.| lli^) 

+ 2s{\\d3U,\\l. + \\dlu,\\l.) (53) 

< %c^\\u,\\H»^{\\yhuMh + Iiv,.a3^ellli2). 
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Suppose now that the initial data U£(0) = Wq are small enough in the sense 
that 

\\wo\\HO^ < ^ (54) 

Then, by continuity, there exists a time interval [0, t^) such that, for t G [0, t^), 
\\u,{t)\\HO,i < VhliSCi). If Te < Te, then ||iie(Te)||//o,i = i/,,/(8Ci). Assume 
now that <T^. lit belongs to the time interval [0, r^], we deduce from the 
inequality ([55]) that 

mKWh + liaa^elliO + MW^h^eWh + Iiv„a3u,||i.) 

+ 2£(||a3^,lli. + lia3VlliO <o- 

(55) 

Integrating the inequality (|55p from to i, we obtain that, for t < r^, 

IKmh+WdsUeimh + f {^VhuMWl^ + \\'^hd^uM\\h)ds 

Jo 

+ 2s f {\\d,uM\\l^ + \\dluM\\l^)ds < Ikolli. + ||53«;o|li. 

(56) 

The estimate (|55|) implies that, for t < t^, 



\Ue{t)\\H"^ < 



16Ci' 



In particular, [[^^(re) ||^o,i < i^/i/(16Ci), which contradicts the definition of 
Te. Thus = and one deduces from that, for < i < T^, 

\Weml^ + \\d:iUe{t)\\l.+vu r (||V;,u,(s)||2, + \\V udiU,{s)\\l-)ds 

JQ 

+ 2s r (||53U,(.)||i. + \\dluM\\l^)ds < WwoWh + Wdsn^oWh 
Jo 

(57) 

To prove that Ue{t) exists globally, that is, that — +oo, it remains 
to show that || V/iWe(t) 11^2 is uniformly bounded with respect to i e [0,T^). 
But this property is a direct consequence of Proposition [2l Theorem [1] is thus 
proved. 



A more careful analysis allows to prove the following global existence re- 
sult. 

Theorem 2. There exist positive constants cq and Cq such that, if uq belongs 
to H^'^{Q) and satisfies the following smallness condition 
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iia iii II 11^ .C0IIU0III2. ^ * 
ll^3^^olli2(j2) ho 11^2(^2) exp( ) ^ co'^h, 

then the system (NSh) admits a (unique) global solution u{t), with u{Q) = uq, 
such that 

ue L°°{R+,H°'\Q)) and dsV hu € L"^ {R+; L"^ (Q)^) . 

Proof. Like in the proof of Theorem [1] it is sufficient to prove that there exist 
positive constants ci and c* such that if We(0) — wo belongs to iJg pg^(Q) and 
satisfies 

i\a 11^ II 11^ f W^oWh. ^ , 

||03Wo|||,2(f2)ll^o|li2(m exp(ci 2 ) ^ ^I'^h, 

then, for any e > 0, the equations (NSe) admit a unique global solu- 
tion u^{t) e C°([0, +00), 1/) with Ue(0) — wq and moreover, and VhU^ 
are uniformly bounded (with respect to e) in L°° {{0,+ 00), H^'^{Q) and 
L\iO, +00), H°'HQ). 

Let now be the local solution of the equations (NSe) with Ue(0) = 
Wq and let > be the maximal time of existence. Like in the proof of 
Theorem m satisfies the equality ([^5]) . But here, in order to estimate the 
term (93('UeVMe), c^sUe), we take into account the estimates ((20)) and ([2T|) . 
instead of directly applying Lemma [H The equalities (l49|) . ([50]) . ([5T|) . (fT9|) 
and, the estimates ([201) and ([21]) imply that, for < t < T^, 

atiiaa^elli^ + 2i/;,l|v„a3u,|||i2 + 2£||a3Vlli2 

< C2(||V/iU£||^(^||53U£||L2||V/j93'"e||^(^ + || V/iU^ || £2 ||a3Me || V/i(93'"e ||l2) . 

(58) 

Using the Young inequalities ab < |a3 + ifo* and a6 < ^a^ + ^b^, we get the 
following estimates, 

C2 II V„Ue Ilii' llftUe II || V„a3Ue 111^2' 



< |^liv.^elli2||a3u.||i2 + ^||v.a3-,||i ^^^^ 



and 



C2||V/iU£||L2||a3Me||L2||Vh93We||L2 

- ^Il^''"^lli^ll^3"-lli^ + y Iiv.a3^elli2. 

From the estimates (l58|), dMl) and ([601), we deduce that, for < < < T^, 

/I 1 X (61) 

< C3(-||V,^.,||i2||a3Ue|li2 + ^||V,Z.,||i2||a3Z.e|li2), 
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where C3 = max(C|/2, 27C|/32). The inequality ^ shows that, if there 
exists Tg < Tg such that ||93Me(T£) ||^2 vanishes, then ||93W£(t) ||^2 is identically 
equal to zero for <t<T^. 
On the time interval [0, r^), the inequality 



|||a3U,(t)||i. <C3(i-||V,Z.,||i.||93«,||i. 



(62) 



can be written as 
or also 

-|(||53^e|IZ'exp(^^V/.«.WIli^d.)) 

< %||V;,WeW|li.exp(^ r||V/.«e(s)||i.ds). 
^/i Jo 

Integrating this inequality from to t, we obtain, for <t < t^, 
WdsWoWj - \\dsuS)\\l2 eM— f WVhuMWl.ds) 

Jo 

/ \\WhU,{s)\\l,dsxexp{^ I \\Vnu,{s)\\l.ds). 

Jo Jo 

(63) 

The second energy estimate in Lemma [Hand the inequality ([55]) hiiply that, 
for < t < Te, 

II Q 11-2 C'sm ||2 /^sll^olli^ ^ ^ lit) / C's |1 Wo |1 ^2 . 

||93Wo|Il2 - — lko|lL2exp( 2—^)^ l|93Me(i)|lL2 exp( T-^)- 

(64) 

Thus, if we assume that, 

11-2 ^311^01112 iC^hjo^^ 

93^0 ^2 ^-^^exp( 2— ^ > 0, 

that is, 

||a3Z.o|li/2lu;o|li/2^xp(^i|#i) < C-''\,, (65) 



then, we get the following uniform bound, for < t < 
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in i4-\W2 / ^^3l|wo||^2 . /|| „ ||_2 C's 11 / Calico 11^2 .y 
||93MeWlii2 <exp( ^i^){\\d^wa\\^2 - — ||u;o|li2exp( t^)) 



(66) 



Let us denote Bq the right-hand side term of the inequahty ([55]) . Integrating 
the estimate from to t and taking into account the second energy 
estimate in Lemma S] as weU as the estimate and the definition of , we 
at once obtain the following inequality, for any < i < Tg, 



Vh I \\Vhd3U,{s)\\i.ds + 2e I \\diue{s)\\i2ds 



<&5o(l + 4so')lko||i2 



(67) 



To prove that Ue{t) exists globally, that is, that — +oo, it remains to show 
that ||V?iiie(i)||i2 is uniformly bounded with respect to t G [0, T^). Like in the 
proof of Theorem [1] this property is a direct consequence of Proposition [2l 
Theorem [2] is thus proved. 

Remark 2. The previous theorem allows to take large initial data in the fol- 
lowing sense. For example, we can take uq e H^'^{Q) such that, 

\\uo\\l^q) < C?7" 

and 

WdsUoWmQ) < Cr]-", 

where 77 is a small positive constant going to and C > is an appropriate 
positive constant 

Remark 3. Let us come back to the inequality (|62p . If we set 

V{t) = ^ + -\\d,uS)\\l^ , git) = ^\\S7,u,{t)\\l. , 
2 i^h Vh 

the inequality ([62|l becomes, for < t < r^, 

|w<5(t)2/^(i). 
Integrating this inequality from to t, for < t < r^, we get 

1 1 



y{t) y(o) - Jo 

or also. 



< / g{s)ds, 
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yjo) 

l-y{0)J^g{s)ds 
as long as 1 — j/(0) g{s)ds > 0. The previous estimate also writes 

I Vh ^ Vh / 

- — r |!v.«,(.)|ji.d.(^ + L\\d,uM\\l^] 

^ Vh Jo ^ Vh 



Inequality (|68[) and Lemma [4] imply that 

^ + ^||a3Z.eWlli^<(^ + -||53Ue(0)||i. 



i-:^lke(o)|ii.(^ + -lia3^e(o)|ii.; 



(68) 



-1 (69) 



Thus, if 



C:,\\uM\\l^C^ + -\\d,uM\\h)<vl (70) 

Z Z^/i 

we obtain the following uniform bound, for < i < Tg, 

^ + -Iia3u,(i)||i. < 2(^ + -lia3^ao)lli.). (7i) 

Like in the proof of Theorem [21 we deduce that, under the condition ([70| . the 
solution Ue(i) exists globally. 

Theorems [1] and [2] together with Corollary [1] at once imply the following 
result of propagation of regularity. 

Corollary 2. Under the hypotheses of Theorem\^or\^ if moreover the initial 
data uq belong to Hq'^{Q), then the solution u of System (NSh) with u{0) — uq 
belongs to L"^ {R+ , Hq'^ (Q)) and diVhU belongs to (R+ , {Qf) . 



4 The case of general initial data 

In this section, we want to prove the local existence of the solution u{t) of the 
equations (NSh), when the initial data are not necessarily small. 

Theorem 3. Let Uq be given in H'^'^{Q). There exist a positive time Tq and a 
positive constant rj such that, if uq belongs to H'^'^(Q) and |jC/o — uo||//n,i < rj, 
then the system (NSh) admits a (unique) strong solution u{t), with u{Q) = Uq, 
such that 

ueL°°{{0,To),H'''\Q)) and dsVhU e L\{Q,n), L^Qf). 
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Proof. According to the strategy explained in the introduction and according 
to Proposition [U it is sufhcient to prove that there exist positive constants rj 
and Tq such that, if ite(O) = vq belongs to Hq ^^^{Q) and satisfies 

\\vq~ SUo\\^oA(^Q^ <r], (72) 

then, for any e > small enough, the equations {NSe) admit a unique (lo- 
cal) solution Ue{t) G C^{[0,To],V) with u^{0) = vq and moreover, and 
dsVhUe are uniformly bounded (with respect to e) in L°°{{0,To), H^'^{Q)) 
and i2((o,ro),L2(g)3). 

Let Ue{t) be the strong solution of the equations {NS^) with initial data 
Ue(0) = f e Hqp^j.{Q) satisfying the condition ([7^ . Let > be the max- 
imal time of existence of this solution. The proof of Theorem [2] and Remark 
[3] show that, if 

^ r \\v,Ms)\\IMt + -\\9^M0)\\h) < 1, 

l^h Jo ^ 

then > r. 

It is thus sufficient to show that, for r/ > small enough, there exist a positive 
constant Tq such that, for any e > 0, the strong solution of {NSe) satisfies 
the inequality 

^ r \\V,u,{s)\\Us{^ + l||a3^,(0)||i.) < 1. (73) 

l^h Jo ^ Vh I 

Actually, the property (j73p will be proved if we show that, for any positive 
number 5, there exist two positive numbers Tq = Tq{5) and rjQ — r]o{S) such 
that ^ 

" \\^hU,{s)\\l,ds<S. (74) 





The remaining part of the proof consists in showing Property (|74p . 
Notice that Lemma |4] gives us an estimate of the quantity \\\7 hUe{s)\\'j^2ds, 
which we have used in the proofs of Theorems [T] and [21 Unfortunately, here 
the initial data Ug = vq are not necessarily small. In order to prove Property 
((74|) . we write the solution Ug as 



where v^- is the solution of the linear Stokes problem 



dtVe - Vh^hVe - sdl^Ve = -V^e in Q, t> 0, 
divug = in Q, f > 0, 
Ve\dnx{-i,i) =0, t > 0, 

Ve{xh,X3) = Veixh,X3 + 2), t> 0, 
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and where is the solution of the following auxiliary nonlinear system 



{Ze){ 



dtz, + {z, + v,)V{z, + V,) - Vh^hZe - edl^z^ = -Vq* mQ,t> 0, 
div^g = in Q, t > 0, 

Zs\df2x{~l,l) = , t > 0, 

Ze{xh,X3) = Zs{xh,X3 + 2), t > 0, 
Zs\t=o = 0. 



The Stokes problem {LS^) admits a unique (global) classical solution in 
C°([0, +oo), V). Lemma m implies that, for any t > 0, 

\\v,{t)\\l,+iyh f \\VHvAs)\\l.ds + e f \\d3vAs)\\l2ds<\\vo\\l.. (75) 
Jo Jo 

Arguing as in the proofs of Theorems [T] and [2l one at once shows that, for 
t > 0, 

\\d3V^(t)\\l,+Uh f \\Vhd3Ve{s)\\l2ds+e f \\dlv,{s)\\l,ds<\\d3Vo\\h. (76) 
Jo Jo 

Notice that Problem (Z^) also admits a unique classical solution G 
C°([0, Tg), V), where is the maximal time of existence of u^. 

We will prove that, for 77 > small enough, there exists To > 0, indepen- 
dent of e, but depending on Uq, such that, 

° \\yhVe{s)\\hds < ^ , ^ " ||V„Ze(s)||i.ds < ^ . (77) 

We introduce a positive number 60 < 6, which will be made more precise 
later. In order to prove the first inequality of ((77)) . we proceed as follows by 
decomposing the linear Stokes problem (LS^) into two auxiliary linear sys- 
tems, the first one with very regular initial data and the second one with small 
initial data. We recall that P is the classical Leray projector. Let Aq be the 
Stokes operator Aq = —PA with homogeneous Dirichlet boundary conditions 
on df2 X (—1,1) and periodic boundary conditions in the vertical variable. 
The spectrum of Aq consists in a nondecreasing sequence of eigenvalues 

< Ao < Ai < A2 < • • • < A™ < • • • , 

going to infinity as m goes to infinity. We denote Pk the projection onto the 
space generated by the eigenfunctions associated to the first k eigenvalues of 
the operator Aq. There exists an integer fcp = fco((5o) such that, 

||(/-Pfc)i;C/o||i. < ^ ,Vfc>fco . (78) 
If vq e -ffo^perlQ) satisfies the condition ([7^ . the property ([75]) implies that 
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\\{I~PM\h<2\\{I-Fk„)Uo\\h + 2\\{I-Fk„){Uo-vo)\\h < ^ + 277^ . 

(79) 

On the other hand, the foUowing obvious estimate holds, 



||Pfeo«o||^:(Q) < Afc„ + i||«o|li2 < \ko + l{2\\Uo\\h+2Tj') 



(80) 



We next decompose Vg into the sum = vi^^ + V2,e where vi^^ is the solution 
of the Stokes problem 



dtvi^e - VhAhVi^e - sdl^vi^e = "V^i^e in Q , t > 0, 
divwi^e = in Q , t > 0, 

Wl,e|af2x(-l,l) = ' t>Q, 
vi^^{xh,xz) = vi^^{xh,X3 + 2) , i > 0, 

Vl,e\t=0 = 'PkoVo, 



and V2.£ is the solution of the Stokes problem 

dtV2,e - '^hAhV2,e - £9^3^2,6 = -Vg2,£ in Q , t > 0, 
div V2.e = in Q , t > 0, 

(i'S'2,e) \ W2,e|af2x(-l,l) = ) * > 0, 

W2,e(2^h, 2:3) = V2,e{xh,X3 + 2) , i > 0, 
^W2,e|t=0 = {I - Pk„)vo- 

From Lemma m we at once deduce that, for i > 0, 



\\v2,emh+''h \\'^hV2,emhds + e \\d3V2,e {s)\\hds 



<\\{i'VM\h<^-^ + 2n 



(81) 



Hence, if ij^ < Soiyji/W, we obtain, for any t > 0, 



II Y7 ^ M|2 J / '^0 , V ^ -^O 

||V,,U2,e(s)||L2ds < — + — < J. 



(82) 



In order to get an upper bound of the term || V/ii'i,£(s)||^2rfs, we first esti- 
mate ||V/iWi^e(s)||^2 for any s > 0. Like in the proof of Proposition [51 we take 
the inner product in L^{Q)^ of the first equation of {LSi,^) with —PAhVi^e- 
Arguing as in the proof of Proposition [2l we obtain, for any t > 0, 

dtW^hVljh + l^hWPAhV^jh + 2£||V;,a3«i,e||i2 < 0. 

Integrating the above inequality between and t and taking into account the 
estimate (l80l). we obtain, for t > 0, 



we have 
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\\VhVi,e{t)\\l2+iyh f \\PAhVi,,{s)\\l-2ds + 2e I || Vft93^'i,e(s)||i2ds 
Jo Jo 

<WkM\m(Q) < Afc„+i(2||[/o||i. + 2rj'). 
From the above inequality, we deduce that, for t > 0, 

\\7hvi,e{s)\\l2ds < tXk,+i{2\\Uo\\l2 + 2Tf) < tXk,+i{2\\Uo\\l2 + 

(83) 

and thus, if 

0<To<-^(2||C/o||i. + ^r\ (84) 
^°\NHV,^e{s)\\hds<^-l. (85) 

* 

The inequalities ([5^ and ([55]) imply that, if 77^ < (5oi^/i/16 and if the condition 
holds, then 

''°||V,^;,(5)||i.d.<|<|. (86) 

It remains to bound the integral ||V/iZe(s) 11^2^5- Taking the inner 
product in L^{QY of the first equation of System {Z^) with z^^ we obtain 
the equality 

^^tlksllia + Vh\\VhZe\\\2 +e||a3Ze|||2 = - (Ze,3a3We,Ze) - (Ze,h Vft^e , Z^) 

- (t'e,393We,Ze) - {Vs^h^ hVe, Z^) 

(87) 

We next estimate the four terms of the right-hand side member of the equality 
([87|) . Applying Lemma [2] and using the fact that 93Ze,3 = —drv hZe,h, we 
obtain, for < t < T^, 

\{Ze,zd3Ve,Ze)\ < || 2^,3 ILjo (^2 ) ||a3We || (L* ) ll^e || (L* ) 

<C^o(lke,3||^(l53Ze,3||^(' + ||^e,3||L0 

X ||53i;e|li('||a3V,«e|li('|ks|li('||V,.Ze|li(' 

<C'o{\\z,M\li'\\^M\\]!' + \\Ze.3\\L^) 

X ||53Z;e||i/2'||a3V,Z;e|li('|ks|li('||V,.Ze|li('. 

Applying the Young inequality to the above estimate, we get the inequality 

\{z,,sd3Ve,Z,)\ <!^\\VhZe\\h + ^\\dsV,h4d3^hVe\\L4ze\\h 
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Applying Lemma [5] and the Young inequality again, we also obtain the fol- 
lowing estimate, for < i < T^, 

\iZe,hyhVe,Z,)\ < C^||V,,De||L~(L2j|lVhZ,|li2||ze||L2 

<C^[\\Whv4li^\\Vhd3V,\\]^,^ + \\VhVe\\L-)\\^hZe\\L4^e\\L- 
^'i|lv7 _ Il2 I ^0||_ ||2 fr\\\\-7 „. Il2 I IIV7 a „. ||2 



(89) 



Applying Lemma [2] again, we can write, for < t < T^, 

\{Ve,3d3V,,Z,)\ < ||w£,3||io=(i2)||a3Ue||i2(i4)||Ze||L2(i4) 

<Co^(lke,3|li(l53Z;e,3||^(' + |ke.3||L0 

X \\d3v4\i'\\d3^HVeC'\\ZeC'\\V^z4\i\ 

Using the Young inequality several times, we deduce from the above estimate 
that 



3Cf 



< 



+ fl|V.Ze|li2, 

and thus that 



(«e,3a3«e,Ze)| <^||V,Z,||i2 + ^||a3V,Z;,||i2||Ze||i2+Co^Ibe||i2||53«eIU^ 

(90) 

Finally, arguing as above by applying Lemma [Hand the Young inequality, we 
get the estimate 

|(t'../.V,«„z,)| <Co2||V,^,Lj.(^2)||V,z;e||i/^||z;,||^/^||V,z,||^/^^^ 



<C: 



o(l|V/.«e|li('||V„93l's|li(' + W^hVeh- 

X ||V,^;e|li('|ke|li/21v.z,||i/'||^,||i// (91) 

<^l|V,,Ze|li2+2Co^||V,«,||i2||«e||L= 



■4 



CI 
2vh 



) • 



Integrating the equality ([87|) from to i, taking into account the estimates 
to (PTjl and, applying Gronwall lemma yield, for < i < T^, 
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\\z,{t)\\h+i^h f \\V,Ms)\\l2ds + 2e f \\d3Z,{s)\\l2ds 
Ja Jo 

< f Bi(s)\\ze{s)\\l2ds + f B2{s)ds, 



and 



\\z,{t)\\l2 + i^h f \\^hZe{s)\\l2ds<2 f B2{s)ds{exp2 f Bi{s)ds), (92) 
Jo Jo Jo 

where 

B,is) =2[^(3C2 + 2)\\V,d,v,is)\\l2 + ^{ISC'o + 1)|| V.z;,(s)||i. 

i^h (93) 



B,is)=2C^(^\\v,{s)\\Ud,v,{s)h2 + \\v,is)h2\\d,v,{s)\\l2 



+ 2\\v,{s)h2\\VhV,is)\\l, 

The inequahties ^ and ([93]) and the estimates ([75]), and ^ imply 

that, for < t < T^, 

\\V,Ms)\\hds < — \\vo\\L^(t\\vo\\L4d3Vo\\L^+t\\d3Vo\\l2+So 



X exp C2 1 



(94) 

where ci and C2 are two positive constants independent of vq and e. Since 

||wo|li/o,i(Q) < ||^C/o|Iho,i(q) + ?7 < II^C^ollijo.i(Q) + -^^^^^y — , 

the inequality (|94|) shows that we can choose (5o > and To > independent 
of £ and Wo such that 



— l|wo||L2rro||uo||i2||(93Wo||L2 + To||93i;o||l2 + (5o 



xexpc2(ro||a3?^o||L=+i^^'||53fo|li2(ro + i^^i) + z/,;i(5o) < - 



g (95) 



As we have explained at the beginning of the proof, the properties ((94|) and 
(|95|) imply that the maximal time of existence of z^ and of is larger than 
To and that 

\\y hZe{s)\\l2ds < 







2 

Thus the inequalities (jT?]) are proved, which concludes the proof of the theo- 
rem. 
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Remark 4- We notice that the classical approach to show the local in time 
existence result for large initial data, consisting in the decompostion of the 
problem into a large data linear problem and a small data, perturbed nonlinear 
problem, does not work here, since we cannot prove that, for initial data Uq 
in H^'^IQ), the quantity ||(/ — IP/co)^^o||_h'o,i(q) is small. In the above proof, the 
decomposition of the linear system into two systems, one with smooth initial 
data PfcoWo and the other one with small initial data (/ — ¥ko)vo avoids this 
difficulty. Indeed, in the estimates ((8T|) and ([82ll . we only need to know that 
||(J-PfcJi)o|ii2(Q) is small. 
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